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Abstract. In the present work, we apply the differential subordination theory to ob-
tain certain inclusion relations for a function class involving a Wright’s generalized hy-
pergeometric function. Also, sufficiency conditions are derived for analytic functions to
belong to this function class. Some special cases of our main results are also considered.
1. Introduction
Let A be the class of functions which are analytic in U = {z : z ∈ C and |z| < 1},
and let Akp denote the class of functions f ∈ A of the form:
























let (f ∗ g)(z) denote the Hadamard product or convolution of f and g given by





Suppose α1, A1, ..., αq ,Aq and β1, B1, ..., βs, Bs (q, s ∈ N = {1, 2, ...}) be positive







Ak ≥ 0 .
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The Wright’s generalized hypergeometric function [21] (see also [10], [13], [19] and [20])
qΨs[(α1, A1), ..., (αq,Aq); (β1, B1), ..., (βs, Bs); z]
= qΨs[(αm,Am)1,q; (βm,Bm)1,s; z]
is defined by











Γ (βm + kBm)
}−1
zn
n! (z ∈ U) .
(2)
If An = 1(n = 1, ..., q) and Bn = 1(n = 1, ..., s), we have the obvious relationship:
ω qΨs [(αn, 1)1,q; (βn, 1)1,s; z] = qFs(α1, ..., αq ; β1, ..., βs; z) , (3)
where qFs(α1, ..., αq; β1, ..., βs; z) is the generalized hypergeometric function (see for de-











The generalized hypergeometric functions and the Wright’s generalized hypergeometric
functions have been recently used in the geometric function theory, see [1] to [6], [8], [11],
[12], [14] to [17].
For the purpose of this paper, we introduce in terms of the Wright’s generalized hy-
pergeometric function a linear operator
Θkp[(αn,An)1,q; (βn, Bn)1,s] : Akp → Akp ,
defined by the convolution
Θkp[(αn,An)1,q; (βn, Bn)1,s]f (z) =
{
ωzp qΨs[(αn,An)1,q; (βn, Bn)1,s; z]
} ∗ f (z) .
In particular, the operator
Θ21 [(αn,An)1,q; (βn, Bn)1,s] =: Θ[(αn,An)1,q; (βn, Bn)1,s]
was investigated recently by Dziok and Raina [2]. We observe for a function f of the form
(1), the following relatioship:




n (z ∈ U) , (5)
where σn is defined by
σn = ω Γ (α1 + A1(n − p)) · · · Γ (αq + Aq(n − p)
Γ (β1 + B1(n − p)) · · · Γ (βs + Bs(n − p)) (n − p)! (6)
and ω is given by (4). If, for convenience, we write
Θkp[α1]f (z) = Θkp[(α1, A1), . . . , (αq ,Aq); (β1, B1), . . . , (βs, Bs)]f (z) ,
then one can easily verify from (5) that
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α1Θ
k
p[α1 + 1]f (z) = zA1(Θkp[α1]f (z))
′ + (α1 − pA1)Θkp[α1]f (z) . (7)
Let h be a convex function in U with h(0) = p and h (z) > 0 (z ∈ U). We denote




Θkp [α1] f (z)
)′
Θkp [α1] f (z)
≺ h(z) , (8)
which in view of (7) is equivalent to
αΘkp [α1 + 1] f (z)
A1Θkp [α1] f (z)
+ p − α
A1
≺ h(z) . (9)
In particular, if h(z) = p 1+Az1+Bz (0 ≤ B ≤ 1,−B ≤ A < B), we denote
Wkp(α1; q, s; A,B) : = Wkp(α1; q, s; h) .
The linear operator Θkp[α1] (defined above) contains the Dziok-Srivastava operator [4], and
as its further special cases contains such linear operators as the Hohlov operator, Carlson-
Shaffer operator, Ruscheweyh derivative operator, generalized Bernardi-Libera-Livingston
operator, fractional derivative operator and their various other generalizations. Details and
references about these operators can be found in [5], [6] and [17].
The function class Wkp(α1; q, s; h) is motivated essentially by two earlier investiga-
tions due to Sokół ([17], [18]). As a matter of fact, the class Wkp(α1; q, s; A,B) defined





(−1 ≤ B < A ≤













f ∈ A : zf
′(z)
f (z)
≺ 1 + Az
1 + Bz ; −1 ≤ B < A ≤ 1; z ∈ U
}
.
Having taken into consideration the above defined Janowski class, we have taken its ad-
vantage by actually constructing a generalized class Wkp(α1; q, s; A,B) (defined above by
(8)) consisting of functions of the form (1) which involve the linear operator defined by (5).
Indeed, we observe that the function f ∈ Akp belonging to the class Wkp(α1; q, s; A,B)






≺ [1 + B − p(B − A)]z
1 + Bz (z ∈ U) .






> 0 and f ∈
Wkp(α1; q, s; A,B), then the function z1−pΘkp[α1]f (z) belongs to the class S∗ (the well
known class of starlike functions).
Many interesting subclasses of analytic functions and other closely related function
classes associated with the linear operators Θkp (defined above) were investigated recently
in [1], [4], [5], [6], [12], [17] and [18]. In this paper we present an inclusion relation for the
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function class (defined above by (9)) and expressed in terms of a subordination relation. We
also find some sufficient conditions for a function of the form (1) to belong to this function
class. Some corollaries are also deduced from our main results.
2. Main results
We shall need the following lemmas.
LEMMA 1 [9]. Let w be a nonconstant function analytic in U(r) with w(0) = 0.
If
|w(z0)| = max {|w(z)| ; |z| ≤ |z0|} (z0 ∈ U(r)) ,
then there exists a real number k (k ≥ 1), such that
z0w
′(z0) = kw(z0) .
LEMMA 2 [7]. Let h be a convex function in U, with

[βh(z) + γ ] > 0 (z ∈ U)
If a function q satisfies the Briot-Bouquet differential subordination in U (R), i.e
q(z) + zq
′(z)
βq(z) + γ ≺R h(z) ,
then
q(z) ≺R h(z) .
Making use of above lemmas, we get the following theorem.
THEOREM 1. If 

(
h (z) + α1+m−1
A1
)
> p (z ∈ U), then
Wkp(α1 + m; q, s; h) ⊂ Wkp(α1; q, s; h) (m ∈ N) .
Proof. It is sufficient to prove the theorem for m = 1. Let a function f belong to
the class Wkp(α1 + 1; q, s; h), or equivalently,
z
[
Θkp [α1 + 1] f (z)
]′
Θkp [α1 + 1] f (z)
≺ h (z) . (10)
It is sufficient to verify condition (8). If we put




p [α1 + 1] f (z)
A1Θkp [α1] f (z)
+ p − α1
A1
(11)
is analytic in U(R) and q(0) = p. Differentiating (11), we get
z
[
Θkp [α1 + 1] f (z)
]′




Θkp [α1] f (z)
]′





− p (z ∈ U(R)) .
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Applying (7) and (11), we obtain
z
[
Θkp [α1 + 1] f (z)
]′
Θkp [α1 + 1] f (z)




− p (z ∈ U(R)) , (12)





− p ≺R h (z) .
Lemma 1 now yields
q(z) ≺R h (z) , (13)
and by (9) and (11), it only now suffices to verify that R = 1. From (13) and (9), we
conclude that Θkp(α1)f (z) is starlike in U(R), and consequently it is univalent in U(R).
Thus, it follows that Θkp(α1)f (z) cannot vanish on |z| = R if R < 1. Hence R = 1, and
this proves Theorem 1.
Putting h(z) = p 1+Az1+Bz in Theorem 1 we obtain the following corollary:
COROLLARY 1. If (α1 + m − 1) (1 + B) > pA1 (B − A), then
Wkp(α1 + m; q, s; A,B) ⊂ Wkp(α1; q, s; A,B) (m ∈ N) .
Using Lemma 1, we show the sufficient conditions for functions to belong to the class
Wkp(α1; q, s; A,B).
THEOREM 2. Let m ∈ N, pA1 (B − A) ≤ (1 + B) α1, 2B2α1 ≤ pA1 (B − A)
(2B + 1). If a function f ∈ Akp satisfies the following inequality:∣∣∣∣∣Θ
k
p(α1 + m + 1)f (z)
Θkp(α1 + m)f (z)
− 1
∣∣∣∣∣ < A1α1 + m
(
B + p (B − A)
1 + B
+ pA1 (B − A) − α1B
pA1 (B − A) + α1 (1 − B)
)
(z ∈ U) , (14)
then f belongs to the class Wkp(α1; q, s; A,B).
Proof. In view of Theorem 1, it is sufficient to consider the case for m = 1. Let a
function f belong to the class Akp. Putting
q(z) = p 1 + Aw(z)
1 + Bw(z) (z ∈ U(R)) (15)
in (12), we obtain
z
[
Θkp [α1 + 1] f (z)
]′
Θkp [α1 + 1] f (z)
= p 1 + Aw(z)
1 + Bw(z)
+ (α1B − pA1 (B − A)) zw
′(z)
α1 + (α1B − pA1 (B − A))w(z) −
Bzw′(z)
1 + Bw(z) .
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α1B − pA1 (B − A)









F(z) = α1 + 1
A1
(
Θkp [α1 + 2] f (z)




By (9), (11) and (15), it is sufficient to verify that w is analytic in U and
|w(z)| < 1 (z ∈ U) .
Now, suppose that there exists a point z0 ∈ U(R) such that
|w(z0)| = 1, |w(z)| < 1 (|z| < |z0|) ,
then applying Lemma 1, we can write
z0w
′(z0) = kw(z0), w(z0) = eiθ (k ≥ 1) .




pA1 (B − A) − α1B










pA1 (B − A) − α1B








pA1 (B − A) − α1B




+ p (B − A)
1 + B
≥ B + p (B − A)
1 + B +
pA1 (B − A) − α1B
α1 + pA1 (B − A) − α1B .
Since this result contradicts (14) (for m = 1), we conclude that w is the analytic function
in U(R) and that |w(z)| < 1 (z ∈ U (R)). Applying same methods as in the proof of
Theorem 1, we obtain R = 1, which completes the proof of Theorem 2.
Putting A = 2γ −1 and B = 1 in Corollary 1 and Theorem 2, we obtain the following
two corollaries.
COROLLARY 2. Let 0 ≤ γ < 1, m ∈ N, α1 +m− 1 > pA1 (1 − γ ) . If a function




Θkp(α1 + m + 1)f (z)
Θkp(α1 + m)f (z)
}
> 1 − pA1 (1 − γ )





Θkp(α1 + 1)f (z)
Θkp(α1)f (z)
}
> 1 − pA1 (1 − γ )
α1
(z ∈ U) .
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COROLLARY 3. Let m ∈ N, 0 ≤ γ < 1, 1 ≤ α1
pA1(1−γ ) ≤ 3. If a function f ∈ Akp
satisfies the following inequality:∣∣∣∣∣Θ
k
p(α1 + m + 1)f (z)
Θkp(α1 + m)f (z)
− 1




+ p (1 − γ ) − α1
2pA1 (1 − γ )
)





Θkp(α1 + 1)f (z)
Θkp(α1)f (z)
}
> 1 − pA1 (1 − γ )
α1
(z ∈ U) .
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